Abstract. Let A be a positive definite Hermitian matrix, we investigate the trace inequalities of A. By using the equivalence of the deformed matrix, according to some properties of positive definite Hermitian matrices and some elementary inequalities, we extend some previous works about the trace inequalities for positive definite Hermitian matrices, and obtain some valuable theory.
Introduction
In mathematics, a Hermitian matrix (or self-adjoint matrix) is a square matrix with complex entries that is equal to its own conjugate transpose. That is, the elements in the i-th row and j-th column is equal to the complex conjugate of the elements in the j-th row and i-th column. In other words, the matrix A is Hermitian if and only if A = A T , where A T denotes the conjugate transpose of matrix A. Hermitian matrices play an important role in statistical mechanics [1] , engineering, such as communication, a n-dimension signals cross-correlation properties, just as conjugate symmetry, then we can use Hermitian matrices to describe.
The earliest study of matrix inequality works in the literature [2] . 1980, R. Bellman [3] prove some trace inequalities for positive definite Hermitian matrices.
2 . Since then, the problems of trace inequality for positive definite( semidefinite) Hermitian matrices have caused the attention of scholars, get a lot of interesting results. There exists a vast literature that studies the trace(see [4] , [5] , [6] , [7] , [8] ). In the paper, using identical deformation of matrix, and combined with some elementary inequality, our purpose is to derive some new results on trace inequality for positive definite Hermitian matrices.
The rest of this paper is organized as follows. In Section 2, we will give relevant definitions and properties of Hermitian matrices; In Section 3, we will quote some lemmas; In Section 4, which is the main part of the paper, using properties of Hermitian matrices, we investigate the trace inequalities for positive definite Hermitian matrices.
Preliminaries
By M n,m (F ) we denote the n-by-m matrices over a field F , usually the real numbers R or the complex numbers C . Most often, the facts discussed are valid in the setting of the complex-entried matrices, in which case M n,m (C ) is abbreviated as M n,m . In case of square matrices we replaced M n,n by M n .
Let A = (a ij ) ∈ M n , we may denote the eigenvalues of A by λ 1 , λ 2 , . . . , λ n , without loss of generality, where let We will use several times the fact. Let A ∈ M n . Then the trace of A is given by trA = n i=1 a ii . The trace function has the following properties.
Let
Some Lemmas
The following lemmas play a fundamental role in this paper. 
Main results
Now, we prove the following theorem. 
Proof. Since the eigenvalues and traces of positive definite matrices are all positive real numbers, the eigenvalues are equal to the singular values. Then, according Lemma 3.1 and spectral mapping theorem, we have
By using Lemma 3.2, we get
By (2.1), that is
Thus, the proof is completed.
Next, we give a trace inequality for positive definite matrices. 1, 2, . . . , n) are same size positive definite matrices. Then
Proof. Since trace of a matrix is a linear operation, by using Lemma 3.3, it follows that tr(
Then, we have
Now we use mathematical induction to deduce our third result. 
Proof. Since when n = 2, according to (2) in the first page, we have
On the other hand, Then, the inequality holds.
Suppose that the inequality holds when n = k, i.e.,
tr(
Then for n = k + 1, we have
trA k+1 .
(4.10)
That is, the inequality holds when n = k + 1. Thus we have proved.
